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The notation in this tutorial aligns with the Computer Integrated Surgery

course at Johns Hopkins University, taught by Russell H. Taylor. Minimal

linear algebra is assumed for the main text. Proofs assume familiarity with

basic graph theory.

1 Introduction

Frame transformations are often the cause of confusing, frustratingly simple
errors in computer integrated surgery. For beginners, developing the intuition
to answer the question, “is this the A to B transform or the B to A transform?”
can take some time, especially when the meaning of “A to B” may vary based
on convention. In this tutorial, we will establish a consistent notation and
vocabulary for talking about points, frames, and the transformations among
them, which reflect the graph-like structure of any tracking setup. We also show
how to translate from a problem statement, which may use informal language to
describe these transformations, to a rigorous description of the problem, suitable
for writing a computer program.

2 Frames and Points

First, let’s define precisely what we mean by “frame,” “point,” and “transform.”
For this tutorial, we will constrain ourselves to points and frames in 3D.

Definition 2.1. A frame is a basis for numerical measurements of object lo-
cations, orientations, or poses. It can be thought of as a virtual object floating
in physical space.

Definition 2.2. A point u, is a singular location in space. It can be measured
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relative to a frame A with a 3-vector:1
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Figure 1: A point u as measured in frame A.

Definition 2.3. An orientation is measured by a rotation R 2 SO(3). There
are several convenient ways to describe the rotation group SO(3) in a given
frame A. We will use rotation matrices RA 2 R3⇥3.

Together, a location and an orientation fully describe the degrees of freedom
for a rigid body in 3D Euclidean space. The combination is often referred to
as a “pose,” and it is the same information needed to describe a second frame
B. Thus, a “pose” can be thought of as a measurement of a frame, or a frame
transformations.2

Definition 2.4. The “A from B” frame transformation FAB is a measure-
ment of frame B’s pose with respect to frame A. It consists of a rotation and a
translation

FAB = [RAB ,pAB ] (2)

such that for a given point u,

uA = FABuB = RABuB + pAB (3)

as in Fig. 3. 3D frame transformations are elements of the special Euclidean
group with n = 3: SE(3).

It is important to ensure consistency between notation like Equation 2, frame
transform diagrams like Fig. 2, and the vocabulary we use to talk about them.
Here, we use the notation FAB for frame transformations because, mathemat-
ically, these are left-hand-side operators.3A point u measured in some frame

1
For notational convenience, frame subscripts are often dropped in favor of a,b correspond-

ing to measurements of the same point u in frames A,B respectively. To avoid confusion, in

this tutorial, we will always refer to a physical point with the same letter, using a frame

subscript to specify which basis.
2
The following terms are often used synonymously to refer to frame transformations:

“pose,” “frame transform,” “rigid body transform,” “transformation,” or simply “transform.”
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Figure 2: The “A from B” frame transformation FAB = [RAB ,pAB ].

B

<latexit sha1_base64="+fotF+dviUw0CH1wofbfmEDUGdE=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoOQU9iVgHoLevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M7+Z++wmV5rF8MJME/YgOJQ85o8ZKjdt+seRW3AXIOvEyUoIM9X7xqzeIWRqhNExQrbuemxh/SpXhTOCs0Es1JpSN6RC7lkoaofani0Nn5MIqAxLGypY0ZKH+npjSSOtJFNjOiJqRXvXm4n9eNzXhtT/lMkkNSrZcFKaCmJjMvyYDrpAZMbGEMsXtrYSNqKLM2GwKNgRv9eV10rqseNXKTaNaqpWzOPJwBudQBg+uoAb3UIcmMEB4hld4cx6dF+fd+Vi25pxs5hT+wPn8AZBvjLg=</latexit>

A

<latexit sha1_base64="OUxCaHnsg/rPSJLa6PCLr9NP3WA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoOQU9iVgHqLePGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M7+Z++wmV5rF8MJME/YgOJQ85o8ZKjdt+seRW3AXIOvEyUoIM9X7xqzeIWRqhNExQrbuemxh/SpXhTOCs0Es1JpSN6RC7lkoaofani0Nn5MIqAxLGypY0ZKH+npjSSOtJFNjOiJqRXvXm4n9eNzXhtT/lMkkNSrZcFKaCmJjMvyYDrpAZMbGEMsXtrYSNqKLM2GwKNgRv9eV10rqseNXKTaNaqpWzOPJwBudQBg+uoAb3UIcmMEB4hld4cx6dF+fd+Vi25pxs5hT+wPn8AY7rjLc=</latexit>

uB

<latexit sha1_base64="ShOa65JewQm7QZbvZ/xNiNoGa8E=">AAAB9HicbVDLSgMxFL2pr1pfVZdugkXoqsxIQd0V3bisYB/QDiWTZtrQTGZMMoUy9DvcuFDErR/jzr8x085CWw8EDufcyz05fiy4No7zjQobm1vbO8Xd0t7+weFR+fikraNEUdaikYhU1yeaCS5Zy3AjWDdWjIS+YB1/cpf5nSlTmkfy0cxi5oVkJHnAKTFW8vohMWM/SJP54LY0KFecmrMAXiduTiqQozkof/WHEU1CJg0VROue68TGS4kynAo2L/UTzWJCJ2TEepZKEjLtpYvQc3xhlSEOImWfNHih/t5ISaj1LPTtZBZSr3qZ+J/XS0xw7aVcxolhki4PBYnAJsJZA3jIFaNGzCwhVHGbFdMxUYQa21NWgrv65XXSvqy59drNQ73SqOZ1FOEMzqEKLlxBA+6hCS2g8ATP8ApvaIpe0Dv6WI4WUL5zCn+APn8AdJuR1A==</latexit>

uA = FABuB

<latexit sha1_base64="yBb/pR6eGqLbDCZHMYcJc2soFXo=">AAACFXicbVDLSsNAFJ3UV62vqEs3g0XoQkoiBXUhtBXEZQX7gLaEyXTSDp1MwsxEKCE/4cZfceNCEbeCO//GSRuhth4YOHPOvdx7jxsyKpVlfRu5ldW19Y38ZmFre2d3z9w/aMkgEpg0ccAC0XGRJIxy0lRUMdIJBUG+y0jbHV+nfvuBCEkDfq8mIen7aMipRzFSWnLM056P1Mj14ihxavAK/n5vEieu1RM4Z9cLjlm0ytYUcJnYGSmCDA3H/OoNAhz5hCvMkJRd2wpVP0ZCUcxIUuhFkoQIj9GQdDXlyCeyH0+vSuCJVgbQC4R+XMGpOt8RI1/Kie/qynRJueil4n9eN1LeRT+mPIwU4Xg2yIsYVAFMI4IDKghWbKIJwoLqXSEeIYGw0kGmIdiLJy+T1lnZrpQv7yrFaimLIw+OwDEoARucgyq4BQ3QBBg8gmfwCt6MJ+PFeDc+ZqU5I+s5BH9gfP4A7PeemQ==</latexit>

FAB

<latexit sha1_base64="HqqmIoRDC6q/t4Dh5D2KTMufmPI=">AAAB+HicbVDLSsNAFL2pr1ofjbp0EyxCVyWRgrqrCuKygn1AG8JkOmmHTiZhZiLUkC9x40IRt36KO//GSZuFth4YOJxzL/fM8WNGpbLtb6O0tr6xuVXeruzs7u1XzYPDrowSgUkHRywSfR9JwignHUUVI/1YEBT6jPT86U3u9x6JkDTiD2oWEzdEY04DipHSkmdWhyFSEz9IbzMvvbrOPLNmN+w5rFXiFKQGBdqe+TUcRTgJCVeYISkHjh0rN0VCUcxIVhkmksQIT9GYDDTlKCTSTefBM+tUKyMriIR+XFlz9fdGikIpZ6GvJ/OYctnLxf+8QaKCCzelPE4U4XhxKEiYpSIrb8EaUUGwYjNNEBZUZ7XwBAmEle6qoktwlr+8SrpnDafZuLxv1lr1oo4yHMMJ1MGBc2jBHbShAxgSeIZXeDOejBfj3fhYjJaMYucI/sD4/AHEdZMZ</latexit>

u

<latexit sha1_base64="PWLVtC17tzHHcW+Er5PFMzApios=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBahp5KIoN4KXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmd3O/84RK81g+mGmCfkRHkoecUWOlZjooV9yauwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVnzrmq3zatKvZrHUYQzOIcqeHANdbiHBrSAAcIzvMKb8+i8OO/Ox7K14OQzp/AHzucP3buM6w==</latexit>

Figure 3: A frame transformation of a point u. If uB is the measurement in
frame B, and FAB is known, then uA = FABuB .

B is transformed as FABuB , where the right-hand subscript of the transform
matches the subscript of the point. Otherwise, the result is nonsensical (and
will likely cause confusing behavior in your program!). Compositions of frame
transforms behave similarly. In order for FABFCD to make sense, we must
have B = C. In essence, adjacent frames must match when multiplying frame
transformations and points, and the result maps between the outer frames:

FABFBC = FAC . (4)

We call FAB the “A from B” transformation, because as an operator, FAB

takes in measurements of points in frame B and returns measurements in frame
A. So why not call this the “B to A” transform? Or, as in quite a lot of
source code, the B2A transform? The reason is that “A from B” reads from
left to right in the same order as FAB , avoiding so much confusion. Saying “A

from B” makes clear how the transformation operates: it takes a measurement

3
In practice, you may see FAB abbreviated to FB . This is acceptable for convenience,

particularly when manipulating equations by hand, since FAB is the measurement of frame

B in frame A, just as uA is the measurement of point u in A is uA. However, this intro-

duces a possible ambiguity between the component of a transformation, such as pAB , with

a measurement of a point p in a frame A: pA, and so in this tutorial we maintain both

subscripts.
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from frame B to a measurement in frame A, while maintaining consistency in
our left-to-right ordering. Using this convention when naming variables, e.g.
A_from_B, will make code easier to read, since the adjacency rule carries over,
and more likely to be correct on the first try.

2.1 Frame Transformation Diagrams

Frame transformation diagrams are an informal, helpful tool for understanding
the relationships in a given tracking setup. Fig. 2 is a simple diagram, where
the point u is measured in frame B, and B is measured in frame A. The
diagram uses arrows to signify these measurements, following the same left-to-
right convention as the notation thus far. If FAB is the “A from B” frame
transform, then its arrow starts at frame A and ends at frame B, as in Fig. 2.
This is often confusing, because the arrow in the diagram starts at A and ends
at B, but FAB maps measurements to frame A from frame B. For this reason,
when talking about arrows, we will say the arrow “starts” and “ends,” reserving
“to” and “from” for the frame transformation as a mathematical operator. With
this vocabulary, we eliminate a single point of confusion while maintaining the
many advantages of drawing frame transform diagrams with arrow directions
matching the left-to-right ordering in FAB and “A from B.”

One of these advantages has to do with constructing the frame transforma-
tion. If o is the point at the origin of B, and oA is the measurement in frame
A, the translational component of FAB is simply oA. Thus the arrow in Fig. 4
representing oA (left) starts at the same frame and ends in the same location
as the arrow representing FAB (right). Similarly, if RA is the rotation describ-
ing frame B’s orientation in frame A, then the rotational component of FAB is
simply RA.
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FAB = [RAB ,pAB ]

where RAB  RA

pAB  oA
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Figure 4: Constructing a frame transform.

Further advantages of drawing frame transformation diagrams in this man-
ner become clear as tracking setups become more complicated. With a little for-
malization, these diagrams can help us understand measurements across a chain
of frame transformations. In the following section, we will use the powerful tools
of graph theory to outline the rules for dealing with frame transformations.
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3 Reference Graphs

We will formalize frame transformation diagrams as “reference graphs” so that
we can define the rules by which these objects operate, and how we can use
them to recover the desired information.

Definition 3.1 (Reference Graphs). A reference graph is a connected, di-
rected graph G = (V, E), representing measurements of points and frames in
physical space, that satisfies the following:

• The nodes V are partitioned into frames F and points U . That is, V =
F t U , where t is the disjoint union, and F , U are both nonempty.

• Every point node u 2 U has no outgoing edges, or out-degree 0. Precisely,
@ (v, w) 2 E such that v = u.

• There is a measurement uA of a point u in a frame A i↵ there is an edge
(A, u) 2 E connecting the corresponding nodes.

• There is a measurement FAB of the “A from B” frame transformation i↵

the edge (A, B) is in E.

• There is a one-to-one measurement map ' : E ! SE(3) [ R3 that
associates edges in F ⇥ F with frame transforms and edges in F ⇥ U to
point measurements.

B
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Figure 5: A simple frame transformation diagram (left) and its corresponding
reference graph (right).

Don’t confuse the frames and points themselves, which are nodes in the
graph, with the measurements of those frames and points, which correspond
to edges. Remember, a “frame” is just an abstract object floating in physical
space, with 6 degrees of freedom, and points are similarly abstract locations in
physical space with 3 degrees of freedom. We can create sets of these objects,
but we cannot (in good faith) associate them numbers until we have measured
them in a separate frame of reference. Hence, the frame or point in physical
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space is the node, and its measurement is really just a relationship (edge) with
another node.

The measurement map ' is just the association of edges e 2 E with numerical
measurements, which are elements of SE(3) or R3.

'(e) =

(
FAB if e = (A, B) 2 F ⇥ F
uA if e = (A, u) 2 F ⇥ U

(5)

Based on the definition of G, this is a complete definition of '. In general, the
definition of reference graphs and ' can be extended to include other objects
of interest, such as point clouds, triangle meshes, camera projections, and non-
Euclidean manifolds, but here we will restrict ourselves to points and frame
transforms in 3D Euclidean space.

The reference graph G has some useful properties, which help us determine
whether a given object can be measured in a given frame, and how to obtain that
measurement from the given quantities (assuming no error). In the following
section, we will provide two simple theorems that define how one should deal
with (1) inverse transformations and (2) kinematic chains, which are really just
paths on the reference graph.

3.1 Inverse Transformations

Theorem 3.2 (Inverse Transformations). If A, B 2 F , (A, B) 2 E, and '(e) =
FAB = [RAB ,pAB ], then the reverse edge (B, A) is also in E, and

'((B, A)) = F�1
AB

= [R�1
AB

,�R�1
AB

pAB ]. (6)

Proof. It su�ces to prove that if FAB is known, then FBA is also known, and
is as given.

Suppose
uA = FABuB = RABuB + pAB . (7)

Then

uB = R�1
AB

(uA � pAB) (8)

= R�1
AB

uA �R�1
AB

pAB (9)

= [R�1
AB

,�R�1
AB

pAB ]uA (10)

= F�1
AB

uA (11)

This is precisely the definition of the “B from A” transformation, FBA.

Thereom 3.2 provides a useful method for obtaining the desired transform,
when only its inverse is known. Essentially, the inverse operation flips the
subscripts of a transform, so F�1

AB
uA makes sense according to our earlier rule,

because the right-hand frame of F�1
AB

= FBA is frame A, which matches uA.
Let’s make this a little more concrete with a simple example, which can

be done by hand. Remember, rotation matrices are orthonormal, which means
R�1 = RT .
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Problem 3.3. Suppose a tracked patient frame B is measured relative to the
tracker frame A to be at

FAB = [RAB ,pAB ] =

2

4

2

4
0 1 0
0 0 �1
�1 0 0

3

5 ,

2

4
1
2
3

3

5

3

5 . (12)

If the tip of a surgical instrument is measured at uA = [4, 5, 6]T in the tracker
frame, what is the same point’s measurement in the patient frame B? See Fig. 6.

B
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uA =

2

4
4
5
6

3

5
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<latexit sha1_base64="ViS6QgUZUw4tecTH5skacMMtl/8=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSJ0ISWRgroQi25cVrAPaEKYTCft0MmDmYlYQn7FjQtF3Poj7vwbp20W2npg4HDOvdwzx084k8qyvo2V1bX1jc3SVnl7Z3dv3zyodGScCkLbJOax6PlYUs4i2lZMcdpLBMWhz2nXH99O/e4jFZLF0YOaJNQN8TBiASNYackzK06I1cgPsjT3btAVck6vPbNq1a0Z0DKxC1KFAi3P/HIGMUlDGinCsZR920qUm2GhGOE0LzuppAkmYzykfU0jHFLpZrPsOTrRygAFsdAvUmim/t7IcCjlJPT15DSpXPSm4n9eP1XBhZuxKEkVjcj8UJBypGI0LQINmKBE8YkmmAimsyIywgITpesq6xLsxS8vk85Z3W7UL+8b1WatqKMER3AMNbDhHJpwBy1oA4EneIZXeDNy48V4Nz7moytGsXMIf2B8/gCc5pNx</latexit>

FAB =

2

4

2

4
0 1 0
0 0 �1

�1 0 0

3

5 ,

2

4
1
2
3

3

5

3

5

<latexit sha1_base64="BL8yMkrGzfXIC9ccynD00L7GfJk="></latexit>

Figure 6: Find the measurement of the point u in the anatomical frame B, given
FAB and uA.
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Solution 3.4. Our goal is to find uB . Since we know uA, we need to find the
frame transformation FBA so that

uB = FBAuA. (13)

FBA is not given. Looking at the reference graph in Fig. 7 (left), we know from
Theorem 3.2 the edge (B, A) is in the graph, however and its corresponding
frame transform is given by F�1

AB
.

B

<latexit sha1_base64="+fotF+dviUw0CH1wofbfmEDUGdE=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoOQU9iVgHoLevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M7+Z++wmV5rF8MJME/YgOJQ85o8ZKjdt+seRW3AXIOvEyUoIM9X7xqzeIWRqhNExQrbuemxh/SpXhTOCs0Es1JpSN6RC7lkoaofani0Nn5MIqAxLGypY0ZKH+npjSSOtJFNjOiJqRXvXm4n9eNzXhtT/lMkkNSrZcFKaCmJjMvyYDrpAZMbGEMsXtrYSNqKLM2GwKNgRv9eV10rqseNXKTaNaqpWzOPJwBudQBg+uoAb3UIcmMEB4hld4cx6dF+fd+Vi25pxs5hT+wPn8AZBvjLg=</latexit>

A

<latexit sha1_base64="OUxCaHnsg/rPSJLa6PCLr9NP3WA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoOQU9iVgHqLePGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M7+Z++wmV5rF8MJME/YgOJQ85o8ZKjdt+seRW3AXIOvEyUoIM9X7xqzeIWRqhNExQrbuemxh/SpXhTOCs0Es1JpSN6RC7lkoaofani0Nn5MIqAxLGypY0ZKH+npjSSOtJFNjOiJqRXvXm4n9eNzXhtT/lMkkNSrZcFKaCmJjMvyYDrpAZMbGEMsXtrYSNqKLM2GwKNgRv9eV10rqseNXKTaNaqpWzOPJwBudQBg+uoAb3UIcmMEB4hld4cx6dF+fd+Vi25pxs5hT+wPn8AY7rjLc=</latexit>

u

<latexit sha1_base64="PWLVtC17tzHHcW+Er5PFMzApios=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBahp5KIoN4KXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmd3O/84RK81g+mGmCfkRHkoecUWOlZjooV9yauwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVnzrmq3zatKvZrHUYQzOIcqeHANdbiHBrSAAcIzvMKb8+i8OO/Ox7K14OQzp/AHzucP3buM6w==</latexit>

uB = F�1
AB

uA

<latexit sha1_base64="z8V6Gfwhsv59vVSL8nKXFa76JPo=">AAACGXicbVDLSsNAFJ34rPUVdelmsAjdWBIpqAuhrSAuK9gHtDVMppN26GQSZiZCCfkNN/6KGxeKuNSVf+OkjVBbDwycOede7r3HDRmVyrK+jaXlldW19dxGfnNre2fX3NtvyiASmDRwwALRdpEkjHLSUFQx0g4FQb7LSMsdXaV+64EISQN+p8Yh6flowKlHMVJackyr6yM1dL04SpwavIS/3+vEiau15D4+sRM4U1N1zIJVsiaAi8TOSAFkqDvmZ7cf4MgnXGGGpOzYVqh6MRKKYkaSfDeSJER4hAakoylHPpG9eHJZAo+10odeIPTjCk7U2Y4Y+VKOfVdXpjvKeS8V//M6kfLOezHlYaQIx9NBXsSgCmAaE+xTQbBiY00QFlTvCvEQCYSVDjOvQ7DnT14kzdOSXS5d3JYLlWIWRw4cgiNQBDY4AxVwA+qgATB4BM/gFbwZT8aL8W58TEuXjKznAPyB8fUDSgOgaw==</latexit>

uA

<latexit sha1_base64="BIAVC5Yg+uIq2SV5X05siaqBP9Y=">AAAB83icbVDLSsNAFL2pr1pfVZduBovQVUmkoO4qblxWsA9oQplMJ+3QySTMQyihv+HGhSJu/Rl3/o2TNgttPTBwOOde7pkTppwp7brfTmljc2t7p7xb2ds/ODyqHp90VWIkoR2S8ET2Q6woZ4J2NNOc9lNJcRxy2gund7nfe6JSsUQ86llKgxiPBYsYwdpKvh9jPQmjzMyHt8NqzW24C6B14hWkBgXaw+qXP0qIianQhGOlBp6b6iDDUjPC6bziG0VTTKZ4TAeWChxTFWSLzHN0YZURihJpn9Boof7eyHCs1CwO7WSeUa16ufifNzA6ug4yJlKjqSDLQ5HhSCcoLwCNmKRE85klmEhmsyIywRITbWuq2BK81S+vk+5lw2s2bh6atVa9qKMMZ3AOdfDgClpwD23oAIEUnuEV3hzjvDjvzsdytOQUO6fwB87nDzoZkb8=</latexit>

FAB

<latexit sha1_base64="0QvqQezf3dyqZ2gjGKcm3IwGPEs=">AAAB+HicdVDLSsNAFJ3UV62PRl26GSxCVyEJxceuKojLCvYBbQiT6aQdOpmEmYlQQ77EjQtF3Pop7vwbJ20FnwcGDufcyz1zgoRRqWz73SgtLa+srpXXKxubW9tVc2e3I+NUYNLGMYtFL0CSMMpJW1HFSC8RBEUBI91gclH43VsiJI35jZomxIvQiNOQYqS05JvVQYTUOAizy9zPzs5z36zZluseOa4NfxPHsmeogQVavvk2GMY4jQhXmCEp+46dKC9DQlHMSF4ZpJIkCE/QiPQ15Sgi0stmwXN4qJUhDGOhH1dwpn7dyFAk5TQK9GQRU/70CvEvr5+q8MTLKE9SRTieHwpTBlUMixbgkAqCFZtqgrCgOivEYyQQVrqrii7h86fwf9JxLadhnV43as36oo4y2AcHoA4ccAya4Aq0QBtgkIJ78AiejDvjwXg2XuajJWOxswe+wXj9APz9k0A=</latexit>

FBA = F�1
AB

<latexit sha1_base64="v5mkwfsbnG6OfJmyi1NpQwPgBdU=">AAACD3icbVDLSsNAFJ34rPUVdelmsCjdWBIpqAuhrSAuK9gHtDFMppN26GQSZiZCCfkDN/6KGxeKuHXrzr9x0nZRWw9cOJxzL/fe40WMSmVZP8bS8srq2npuI7+5tb2za+7tN2UYC0waOGShaHtIEkY5aSiqGGlHgqDAY6TlDa8zv/VIhKQhv1ejiDgB6nPqU4yUllzzpBsgNfD85CZ1k1o1hVdwVqnW0ofk1E5ds2CVrDHgIrGnpACmqLvmd7cX4jggXGGGpOzYVqScBAlFMSNpvhtLEiE8RH3S0ZSjgEgnGf+TwmOt9KAfCl1cwbE6O5GgQMpR4OnO7FY572Xif14nVv6Fk1AexYpwPFnkxwyqEGbhwB4VBCs20gRhQfWtEA+QQFjpCPM6BHv+5UXSPCvZ5dLlXblQKU7jyIFDcASKwAbnoAJuQR00AAZP4AW8gXfj2Xg1PozPSeuSMZ05AH9gfP0CPN+cFg==</latexit>

u

<latexit sha1_base64="PWLVtC17tzHHcW+Er5PFMzApios=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBahp5KIoN4KXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmd3O/84RK81g+mGmCfkRHkoecUWOlZjooV9yauwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVnzrmq3zatKvZrHUYQzOIcqeHANdbiHBrSAAcIzvMKb8+i8OO/Ox7K14OQzp/AHzucP3buM6w==</latexit>

A

<latexit sha1_base64="OUxCaHnsg/rPSJLa6PCLr9NP3WA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoOQU9iVgHqLePGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M7+Z++wmV5rF8MJME/YgOJQ85o8ZKjdt+seRW3AXIOvEyUoIM9X7xqzeIWRqhNExQrbuemxh/SpXhTOCs0Es1JpSN6RC7lkoaofani0Nn5MIqAxLGypY0ZKH+npjSSOtJFNjOiJqRXvXm4n9eNzXhtT/lMkkNSrZcFKaCmJjMvyYDrpAZMbGEMsXtrYSNqKLM2GwKNgRv9eV10rqseNXKTaNaqpWzOPJwBudQBg+uoAb3UIcmMEB4hld4cx6dF+fd+Vi25pxs5hT+wPn8AY7rjLc=</latexit>

B

<latexit sha1_base64="+fotF+dviUw0CH1wofbfmEDUGdE=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoOQU9iVgHoLevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M7+Z++wmV5rF8MJME/YgOJQ85o8ZKjdt+seRW3AXIOvEyUoIM9X7xqzeIWRqhNExQrbuemxh/SpXhTOCs0Es1JpSN6RC7lkoaofani0Nn5MIqAxLGypY0ZKH+npjSSOtJFNjOiJqRXvXm4n9eNzXhtT/lMkkNSrZcFKaCmJjMvyYDrpAZMbGEMsXtrYSNqKLM2GwKNgRv9eV10rqseNXKTaNaqpWzOPJwBudQBg+uoAb3UIcmMEB4hld4cx6dF+fd+Vi25pxs5hT+wPn8AZBvjLg=</latexit>

(A, u)

<latexit sha1_base64="trhX4GSimjBohzZeoexrx2WIdwg=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BItQQcquFNRbxYvHCm5baJeSTbNtaDa7JFmhLP0NXjwo4tUf5M1/Y9ruQVsfDDzem2FmXpAIro3jfKPC2vrG5lZxu7Szu7d/UD48auk4VZR5NBax6gREM8El8ww3gnUSxUgUCNYOxnczv/3ElOaxfDSThPkRGUoeckqMlbzq7UV63i9XnJozB14lbk4qkKPZL3/1BjFNIyYNFUTrruskxs+IMpwKNi31Us0SQsdkyLqWShIx7WfzY6f4zCoDHMbKljR4rv6eyEik9SQKbGdEzEgvezPxP6+bmvDaz7hMUsMkXSwKU4FNjGef4wFXjBoxsYRQxe2tmI6IItTYfEo2BHf55VXSuqy59drNQ73SqOZxFOEETqEKLlxBA+6hCR5Q4PAMr/CGJHpB7+hj0VpA+cwx/AH6/AGTnY3R</latexit>

(A, B)

<latexit sha1_base64="LVB2uxHR5vebQ+foSINIwvDokxg=">AAAB7HicbVBNSwMxEJ31s9avqkcvwSJUkLIrBfVW9eKxgtsW2qVk02wbmmSXJCuUpb/BiwdFvPqDvPlvTNs9aOuDgcd7M8zMCxPOtHHdb2dldW19Y7OwVdze2d3bLx0cNnWcKkJ9EvNYtUOsKWeS+oYZTtuJoliEnLbC0d3Ubz1RpVksH804oYHAA8kiRrCxkl+5Ob8965XKbtWdAS0TLydlyNHolb66/ZikgkpDONa647mJCTKsDCOcTordVNMEkxEe0I6lEguqg2x27ASdWqWPoljZkgbN1N8TGRZaj0VoOwU2Q73oTcX/vE5qoqsgYzJJDZVkvihKOTIxmn6O+kxRYvjYEkwUs7ciMsQKE2PzKdoQvMWXl0nzourVqtcPtXK9ksdRgGM4gQp4cAl1uIcG+ECAwTO8wpsjnRfn3fmYt644+cwR/IHz+QNGHo2e</latexit>

(B, A)

<latexit sha1_base64="obufK0m7zO0g28rrIK7C6lqAYYY=">AAAB7HicbVBNSwMxEJ31s9avqkcvwSJUkLIrBfVW9eKxgtsW2qVk02wbmmSXJCuUpb/BiwdFvPqDvPlvTNs9aOuDgcd7M8zMCxPOtHHdb2dldW19Y7OwVdze2d3bLx0cNnWcKkJ9EvNYtUOsKWeS+oYZTtuJoliEnLbC0d3Ubz1RpVksH804oYHAA8kiRrCxkl+5Pb8565XKbtWdAS0TLydlyNHolb66/ZikgkpDONa647mJCTKsDCOcTordVNMEkxEe0I6lEguqg2x27ASdWqWPoljZkgbN1N8TGRZaj0VoOwU2Q73oTcX/vE5qoqsgYzJJDZVkvihKOTIxmn6O+kxRYvjYEkwUs7ciMsQKE2PzKdoQvMWXl0nzourVqtcPtXK9ksdRgGM4gQp4cAl1uIcG+ECAwTO8wpsjnRfn3fmYt644+cwR/IHz+QNGII2e</latexit>

Figure 7: The reference graph and solution for the problem.

uB = FBAuA = F�1
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uA (14)
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0 0 �1
�1 0 0

3

5
�1 2

4
4
5
6

3

5�

2

4
0 1 0
0 0 �1
�1 0 0

3

5
�1 2

4
1
2
3

3

5 (17)

=

2
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2

4
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6

3
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2
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0 0 �1
1 0 0
0 �1 0

3

5

2

4
1
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3

3

5 (18)

=

2

4
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4
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3

5�

2

4
�3
1
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3

5 (19)

=

2

4
�3
3
�3

3

5 (20)

In this example, we used the concept of reference graphs in a very minor
way, namely to have a vocabulary for how the inverse frame transformation op-
erates on points. However, you might notice that the end result uB = F�1

AB
uA

corresponds to a series of connected edges on the reference graph, namely
{ (B, A), (A, u) }. That is, to find the measurement uB , we have found a directed
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path starting at the node B and ending at u, then multiplied the corresponding
mathematical objects in the same order. This is no coincidence, and it leads us
to the primary advantage of using reference graphs to think about coordinate
frame transformations.

3.2 Kinematic Chains

Theorem 3.5 (Kinematic Paths of Points). Given a reference graph G = (F t
U , E), the measurement uA of a point u 2 U in a frame A 2 F can be determined

if G contains a directed path PA!u = {e0, e1, . . . , en�1} starting at A and ending

at u. Moreover,

uA = '(e0)'(e1) · · · '(en�1). (21)

Put another way, if

PA!u = {(A, A1), (A1, A2), . . . , (An�2, An�1), (An�1, u)} (22)

then
uA = FAA1FA1A2 · · ·FAn�2An�1uAn�1 . (23)

Thus we have a simple rule for obtaining the measurement of a given point in
any frame: find a path starting at the frame and ending at the given point and
compose the transforms along the way.

The proof of Theorem 3.5 is included here for completeness, but the reader
may skip ahead to Section 3.2.1 without too much concern. It hinges on the
notion of equivalent reference graphs. These are reference graphs which dif-
fer in their measurements but ultimately describe the same set of points in
physical space. As a simple example, given any reference graph G, I can
create an equivalent reference graph G

0 by eliminating an edge {(A, u)} and
still preserve all measurements by adding a “dummy” frame B along with
new edges (A, B), (B, u), and define a new measurement map '

0 such that
'

0((A, B)) = I, '0((B, u)) = '((A, u)), and '
0 = ' otherwise.

Formally, let ⇠ denote this equivalence relation on reference graphs, which
describe the same points in physical space.

Definition 3.6. If G = (F t U , E), G0 = (F 0 t U 0
, E

0) are reference graphs,
then G ⇠ G

0
i↵ U = U 0 and F \ F 0 6= ;.

That is, every point measured in G is also measured in G
0 at the same loca-

tion, and the graphs share at least one frame in common. We shall now prove
Theorem 3.5, using induction on the path length n, by constructing an equiv-
alent graph where the path PA!u is contracted to a single edge (A, u). In this
proof, we will use the somewhat cumbersome notation for a measurement in one
reference graph [uA]

G
to show that it is equivalent to the corresponding mea-

surement in another, but this notation will be unnecessary once the equivalence
is shown.

9



Proof. In the n = 1 case, PA!u = {(A, u)}, '((A, u)) = uA by definition.
In the n = 2 case, G contains PA!u = {(A, A1), (A1, u)}. We claim there is

an equivalent reference graph G
0 formed by removing the (A, A1) edge from the

path:
G

0 = (V, (E\{(A1, u)}) [ {(A, u)} (24)

We claim G
0 ⇠ G if '

0 is defined as

'
0(e) =

(
'((A, A1))'((A1, u)) if e = (A, u)

'(e) otherwise
(25)

This fact follows from the definition of the frame transformation, since the
measurement uA is the same in both graphs:

[uA]
G

= '
0((A, u)) (26)

= '((A, A1))'((A1, u)) (27)

= FAA1uA1 (28)

= [uA]
G0 (29)

by the definigion of FAA1 . Thus, the measurement of the point is the same in
both graphs, and G

0 ⇠ G.
In the n+1 case, assume the theorem holds for the nth case. Then PA!u =

{e0, e1, . . . , en�1, en}. Since every node in U has out-degree 0, every edge e 2
PA!u must start at a node in F . By the definition of a path, then,

ei 2 F ⇥ F 8 i 2 0, 1, . . . , n� 1. (30)

That is, every edge in the path ends at a frame, except the last. Denote en�1 =
(An�1, An), en = (An, u). Then,

PA!u = {e0, e1, . . . , en�2, (An�1, An), (An, u)} (31)

(32)

Following the same graph operation in the n = 2 case, contract the path by
removing the (An�1, An) edge, and constructing '

0 similarly. Then we have an
equivalent reference graph G

0 with an n-path starting at A and ending at u.
From the inductive hypothesis,

[uA]
G0 = '

0(e0)'
0(e1) · · · '0(en�2)'

0((An�1, u)) (33)

= '(e0)'(e1) · · · '(en�2)uAn�1 (34)

= '(e0)'(e1) · · · '(en�2)FAn�1AnuAn (35)

= '(e0)'(e1) · · · '(en�2)'((An�1, An))'((An, u)) (36)

= [uA]
G

(37)

which is the n + 1 claim.

10



Thus, we have established the usual relationship, namely that kinematic
chains ending at points are formed by composing the frame transformations
along the path in the reference graph. A similar fact holds for measurements of
frames.

Corollary 3.6.1 (Kinematic Paths on Frames). Given a reference graph G =
(F t U , E), the measurement FAB of a frame f 2 U in a frame A 2 F can be

determined if G contains a directed path PA!B = {e0, e1, . . . , en�1} starting at

A and ending at B. Moreover,

FAB = '(e0)'(e1) · · · '(en�1). (38)

Proof. It su�ces to prove that any given point measured in the graph G
0 formed

by contracting PA!B to a single edge (A, B) with

'
0((A, B)) = '(e0)'(e1) · · · '(en�1) (39)

is the same point measured in G. This clearly holds for any point not mea-
sured by G in B. Then consider an arbitrary point u with (B, u) 2 E. From
Theorem 3.5, we have the desired claim.

In order to avoid the construction of endless reference graphs which are
equivalent but reduced in the manner above (and therefore less reflective of the
original measurements), it is convenient to extend the definition of the measure-
ment map ' to cover paths on the graph in a recursive manner.

'(x) =

8
><

>:

FAB if x = (A, B) 2 F ⇥ F
uA if x = (A, u) 2 F ⇥ U
'(e0)'(e1) · · · '(en�1) if x = {e0, e1, . . . , en�1} is a path on G

(40)

3.2.1 Frame Composition Formula

Although we have shown that the composition of frames results in the desired
measurement, we have not given a formula for composing frames unless they
are attached to points. We will do so now for the composition of two frames,
from which the composition of arbitrary numbers of frames can be derived.

Corollary 3.6.2 (Frame Transformation Composition). The composition of

two frame transformations FAB ,FBC is

FAC = FABFBC = [RABRBC ,RABpBC + pAB ]. (41)

Proof. Let uC be the measurement of some point in frame C. Then according

11



to the kinematic path,

uA = FABFBCuC (42)

= FAB(RBCuC + pBC) (43)

= RAB(RBCuC + pBC) + pAB (44)

= (RABRBC)uC + (RABpBC + pAB) (45)

= [RABRBC ,RABpBC + pAB ]uC (46)

It is worth taking a moment to confirm that this composition formula makes
sense with respect to the points being manipulated. Recall that pBC is equiva-
lent to the measurement of the origin of frame C as measured in frame B. Then
RABpBC + pAB = FABpBC is just the origin of C measured in frame A, as we
would expect.

4 Summary

To summarize, the first approach to solving tracker problems in computer inte-
grated surgery is as follows:

1. Identify the points and frames in the problem as nodes on a reference
graph.

2. Identify the known measurements as edges on the graph.

3. Remember that inverse edges of known transformations are also on the
graph.

4. Identify the desired measurement as the path starting at the frame they

are in ending at the object being measured.

5. Compose the desired transformations and evaluate.

The transformations in question may be more complex than those discussed
here, such as projections or nonlinear maps, but those details only a↵ect the
mathematical evaluation in the final step. Of course, the hardest part in any
problem is not algebraic manipulation but rather mapping from real-world de-
scriptions and constraints to diagrams, reference graphs, and equations. Thus,
in the following example, we present the problem at a very high level, using
none of the vocabulary we have developed so far, and encourage the reader to
follow steps 1 - 5 on their own, including setting up the frames and drawing the
initial reference graph. Keep in mind, the pose of “B with respect to A” is really
the “A from B” transform FAB . The phrase “relative to” is also often used to
mean the same thing, so that “tool pose relative to tracker” really means the
“tracker from tool” transformation. Translating from common vernacular used
in many problems to our more consistent vocabulary for frame transformations
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is an important first step. It is easier to remember that the arrow always starts
at the frame of reference being provided, in these cases.

In the example, we give the problem statement, then a schematic diagram
clarifying the problem statement, then an overview of the frames and points
involved, then a reference graph describing the setup, and finally a solution.
At each step, we encourage the reader to attempt the next step on their own,
understanding that the hardest part may be translating the problem statement,
which requires understanding some medical jargon, to frames and transforms.
This is an essential skill, and the best way to acquire it is practicing problems
much like this one.

Problem 4.1. Internal pelvic trauma fixation involves the insertion of a rigid
metal rod, called a K-wire, into the pelvic bone along a specific trajectory. It
is essential to identify the correct trajectory so as to avoid “cortical breach,”
where the K-wire punches through the outer cortical bone and enters soft tissue,
leading to further complications. For this example, assume the fracture is along
the superior pubic ramus and is already shortened (aligned).

The operating room is equipped with a calibrated X-ray imaging device,
called a C-arm, with infrared reflective markers on its gantry. The calibration
provides the pose of the C-arm’s camera frame—a frame with its origin at the
center of the X-ray tube. There is a Polaris optical tracker positioned such that
it measures the pose of both the C-arm and a reference marker fixed to the
patient table.

The surgeon is wearing a HoloLens 2, an “augmented” or “mixed reality”
headset, which is capable of displaying holograms to the surgeon. The HoloLens
tracks the surgeon’s head movements using onboard sensors, relative to an esti-
mated “world” frame. The HoloLens is also capable of tracking infrared reflec-
tive markers, relative to the headset frame, but the markers must be in the field
of view. Since the surgeon is generally looking down, only the marker fixed to
the patient table can be reliably tracked by the HoloLens.

There is a machine intelligent system which is capable of automatically deter-
mining the safe corridor for K-wire insertion based on X-ray images. The input
to this system is the X-ray image, and the output is a start- and end-point for
the safe trajectory in the camera frame.

Finally, suppose we want to support the safe insertion of the K-wire by
displaying a hologram for the surgeon to align the K-wire with. The hologram
is a virtual object in the Hololens “world,” with its own coordinate frame such
that the +Z-axis should aligns with the safe trajectory (going into the body),
and the origin should be placed at the trajectory startpoint.

Virtual objects are controlled by setting their rotation and translation rel-
ative to the HoloLens “world.” What should these be set to, in terms of the
measurements provided, so as to guide the surgical alignment?
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Solution 4.2. First, let’s talk about the hardware in this setup. In Fig. 8,
the X-ray imaging device is a Siemens C-arm with intrared markers attached
to the detector side of the gantry. The locations of these markers have already
been encoded relative to some frame, call it M . When the Polaris tracker, the
stereo camera object in the top right of the figure, measures the pose of the
C-arm, it measuring the FTM frame transform, where T is the tracker frame. It
doesn’t matter precisely how M is defined, because the calibration of the C-arm
provides the “C from M” transform, where C is the “camera” frame centered
at the X-ray source. Let u and v be the start- and endpoints of a suitable
trajectory, so uC and vC are estimated by the machine learning system in the
camera frame.

Figure 8: An overview of the hardware in the problem. The C-arm is equipped
with infrared reflective markers which can be tracked, and a stable reference
marker is fixed to the patient table (blue). The Polaris tracker (orange) tracks
both the C-arm and reference marker, while the HoloLens only tracks the refer-
ence marker (since the surgeon is often looking down). The goal of the problem
is to align a holographic indicator, such as the red arrow, with a desired trajec-
tory with respect to the pelvis.

The tracker also measures the pose of a reference marker frame, call it R,
which is simultaneously tracked by the HoloLens. The reason to include this
marker is to provide a kinematic chain between the HoloLens “world” frame and
the camera-centered coordinates measured by the C-arm. Denote the frame of
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the headset as H and the HoloLens world frame as W . Finally, denote the
frame containing the hologram as A (for arrow), and assume that the hologram
is aligned with the Z-axis.

The next step is to translate the above diagram into a more formal frame
transformation diagram, with the frames discussed. (Try first before continuing
to the next page.)
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Fig. 9 captures the essential frames in the problem, as well as the raw mea-
surements that exist between them. Already we can see the kinematic path that
allows us to relate the virtual world of the HoloLens to the real world of the
patient.
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Figure 9: A frame transform diagram showing the initial measurements in the
problem.

Often, Fig. 9 is su�cient to see the transformations that need to be com-
posed, especially once the translation to reference graphs is clear. To be explicit,
Fig. 10 shows the complete reference graph.

Now that we understand all the frames in the problem and the measurements
between them, the hard part is over. All that remains is to define FWA =
[RWA,pWA such that the origin of A is at u, and the �Z axis points in the
same direction as the u! v vector.
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<latexit sha1_base64="DOAo74y+/wylTRDdnOsJDPQVeoM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN4KXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmd3O/84RK81g+mGmCfkRHkoecUWOlZjooV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX1atXbZq1Sd/M4inAG53AJHlxDHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kD4COM8w==</latexit>

v

<latexit sha1_base64="vzI7A9Om30TthZ2rawI8+cMXyOY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FLx5bsB/QhrLZTtq1m03Y3RRK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7G93O/PUGleSwfzTRBP6JDyUPOqLFSY9IvV9yquwBZJ15OKpCj3i9/9QYxSyOUhgmqdddzE+NnVBnOBM5KvVRjQtmYDrFrqaQRaj9bHDojF1YZkDBWtqQhC/X3REYjradRYDsjakZ61ZuL/3nd1IS3fsZlkhqUbLkoTAUxMZl/TQZcITNiagllittbCRtRRZmx2ZRsCN7qy+ukdVX1rqt3jetKzc3jKMIZnMMleHADNXiAOjSBAcIzvMKb8+S8OO/Ox7K14OQzp/AHzucP4aeM9A==</latexit>

'((A, W )) = F�1
WA

<latexit sha1_base64="ZldNRfHCtfVC/Gu9VNJSGYV5xGY=">AAACDnicbVDLSsNAFJ3UV62vqEs3g6XQgpZECupCaBHEZQXbFJpaJtNJO3TyYGZSKCFf4MZfceNCEbeu3fk3TtostPXAhcM593LvPU7IqJCG8a3lVlbX1jfym4Wt7Z3dPX3/oC2CiGPSwgELeMdBgjDqk5akkpFOyAnyHEYsZ3yd+taEcEED/15OQ9Lz0NCnLsVIKqmvl+wJ4uGIlsuNE6tSgVfQ9pAcOW58k/Rjq5E8xKdm0teLRtWYAS4TMyNFkKHZ17/sQYAjj/gSMyRE1zRC2YsRlxQzkhTsSJAQ4TEakq6iPvKI6MWzdxJYUsoAugFX5Us4U39PxMgTYuo5qjO9VSx6qfif142ke9GLqR9Gkvh4vsiNGJQBTLOBA8oJlmyqCMKcqlshHiGOsFQJFlQI5uLLy6R9VjVr1cu7WrFuZHHkwRE4BmVggnNQB7egCVoAg0fwDF7Bm/akvWjv2se8NadlM4fgD7TPH58Dmo8=</latexit>

'((W, H)) = FWH

<latexit sha1_base64="Vm4d6lrdoEYYp0C4Mmwnub5wZxE=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0VoQUoiBXUhFATpsoJtCk0Ik+mkHTp5MDMplJCtG3/FjQtF3PoH7vwbJ20W2nrgwuGce7n3Hi9mVEjD+NZKa+sbm1vl7crO7t7+gX541BNRwjHp4ohFvO8hQRgNSVdSyUg/5gQFHiOWN7nNfWtKuKBR+CBnMXECNAqpTzGSSnJ1aE8Rj8e0VrPO2/U6vIF2gOTY89O7zE2tdubqVaNhzAFXiVmQKijQcfUvexjhJCChxAwJMTCNWDop4pJiRrKKnQgSIzxBIzJQNEQBEU46/ySDZ0oZQj/iqkIJ5+rviRQFQswCT3XmZ4plLxf/8waJ9K+clIZxIkmIF4v8hEEZwTwWOKScYMlmiiDMqboV4jHiCEsVXkWFYC6/vEp6Fw2z2bi+b1ZbRhFHGZyAU1ADJrgELdAGHdAFGDyCZ/AK3rQn7UV71z4WrSWtmDkGf6B9/gAsXJi3</latexit>

'((H, R)) = FHR

<latexit sha1_base64="2M4qWfilKP9gLAu2D8ylbLWIzRE=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0VoQUoiBXUhFATpshb7gCaEyXTSDp08mJkUSsjWjb/ixoUibv0Dd/6NkzYLbT1w4XDOvdx7jxsxKqRhfGuFtfWNza3idmlnd2//QD886oow5ph0cMhC3neRIIwGpCOpZKQfcYJ8l5GeO7nN/N6UcEHD4EHOImL7aBRQj2IkleTo0JoiHo1ppdI8b1er8AZaPpJj10vuUidptlNHLxs1Yw64SsyclEGOlqN/WcMQxz4JJGZIiIFpRNJOEJcUM5KWrFiQCOEJGpGBogHyibCT+ScpPFPKEHohVxVIOFd/TyTIF2Lmu6ozO1Mse5n4nzeIpXdlJzSIYkkCvFjkxQzKEGaxwCHlBEs2UwRhTtWtEI8RR1iq8EoqBHP55VXSvaiZ9dr1fb3cMPI4iuAEnIIKMMElaIAmaIEOwOARPINX8KY9aS/au/axaC1o+cwx+APt8wccnpit</latexit>

'((R, T )) = F�1
TR

<latexit sha1_base64="dfCDnmYvI6gP1p/lpK0bYciyYRU=">AAACDnicbVDLSsNAFJ3UV62vqEs3g6XQgpZECupCKAjispa+oIlhMp20QycPZiaFEvIFbvwVNy4UcevanX/jtM1CqwcuHM65l3vvcSNGhTSMLy23srq2vpHfLGxt7+zu6fsHHRHGHJM2DlnIey4ShNGAtCWVjPQiTpDvMtJ1x9czvzshXNAwaMlpRGwfDQPqUYykkhy9ZE0Qj0a0XG6etCoVeAUtH8mR6yU3qZO0mul9cmqmjl40qsYc8C8xM1IEGRqO/mkNQhz7JJCYISH6phFJO0FcUsxIWrBiQSKEx2hI+ooGyCfCTubvpLCklAH0Qq4qkHCu/pxIkC/E1HdV5+xWsezNxP+8fiy9CzuhQRRLEuDFIi9mUIZwlg0cUE6wZFNFEOZU3QrxCHGEpUqwoEIwl1/+SzpnVbNWvbyrFetGFkceHIFjUAYmOAd1cAsaoA0weABP4AW8ao/as/amvS9ac1o2cwh+Qfv4BstEmqs=</latexit>

'((T, M)) = FTM

<latexit sha1_base64="C73MSlCNppFz6jgTi3lyi6582lY=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0VoQUoiBXUhFARxU6jQFzQhTKaTdujkwcykUEK2bvwVNy4UcesfuPNvnLRZaOuBC4dz7uXee9yIUSEN41srrK1vbG4Vt0s7u3v7B/rhUVeEMcekg0MW8r6LBGE0IB1JJSP9iBPku4z03Mlt5vemhAsaBm05i4jto1FAPYqRVJKjQ2uKeDSmlUr7vFmtwhto+UiOXS+5S52k3UwdvWzUjDngKjFzUgY5Wo7+ZQ1DHPskkJghIQamEUk7QVxSzEhasmJBIoQnaEQGigbIJ8JO5p+k8EwpQ+iFXFUg4Vz9PZEgX4iZ76rO7Eyx7GXif94glt6VndAgiiUJ8GKRFzMoQ5jFAoeUEyzZTBGEOVW3QjxGHGGpwiupEMzll1dJ96Jm1mvXD/Vyw8jjKIITcAoqwASXoAHuQQt0AAaP4Bm8gjftSXvR3rWPRWtBy2eOwR9onz8yjZi7</latexit>

'((M, C)) = F�1
CM

<latexit sha1_base64="eFb8P/eu0X4wLrmBtGjtaKLNzDE=">AAACDnicbVDLSsNAFJ3UV62vqEs3g6XQgpZECupCKBTETaGCfUATw2Q6aYdOHsxMCiXkC9z4K25cKOLWtTv/xknbhVYPXDiccy/33uNGjAppGF9abmV1bX0jv1nY2t7Z3dP3DzoijDkmbRyykPdcJAijAWlLKhnpRZwg32Wk644bmd+dEC5oGNzJaURsHw0D6lGMpJIcvWRNEI9GtFxunjQqFXgFLR/Jkesl16mTNJrpfXJqpo5eNKrGDPAvMRekCBZoOfqnNQhx7JNAYoaE6JtGJO0EcUkxI2nBigWJEB6jIekrGiCfCDuZvZPCklIG0Au5qkDCmfpzIkG+EFPfVZ3ZrWLZy8T/vH4svQs7oUEUSxLg+SIvZlCGMMsGDignWLKpIghzqm6FeIQ4wlIlWFAhmMsv/yWds6pZq17e1op1YxFHHhyBY1AGJjgHdXADWqANMHgAT+AFvGqP2rP2pr3PW3PaYuYQ/IL28Q2Fz5p/</latexit>

'((C, v)) = vC

<latexit sha1_base64="a43ui2Q7LWf4pFqAUC/DGMYg2As=">AAACCXicbVDLSsNAFJ34rPUVdelmsAgtSEmkoC6EQjcuK9gHNCFMppN26GQSZiaBErJ146+4caGIW//AnX/jpO1CWw9cOJxzL/fe48eMSmVZ38ba+sbm1nZpp7y7t39waB4dd2WUCEw6OGKR6PtIEkY56SiqGOnHgqDQZ6TnT1qF30uJkDTiD2oaEzdEI04DipHSkmdCJ0UiHtNqtXUB01oN3kInRGrsB1mae1kr98yKVbdmgKvEXpAKWKDtmV/OMMJJSLjCDEk5sK1YuRkSimJG8rKTSBIjPEEjMtCUo5BIN5t9ksNzrQxhEAldXMGZ+nsiQ6GU09DXncWVctkrxP+8QaKCazejPE4U4Xi+KEgYVBEsYoFDKghWbKoJwoLqWyEeI4Gw0uGVdQj28surpHtZtxv1m/tGpWkt4iiBU3AGqsAGV6AJ7kAbdAAGj+AZvII348l4Md6Nj3nrmrGYOQF/YHz+AEAGmMU=</latexit>

'((C, u)) = uC

<latexit sha1_base64="JCZH9PpcmKyVeMD/wcoTqMXYTlg=">AAACCXicbVDLSsNAFJ34rPUVdelmsAgtSEmkoC6EQjcuK9gHNCFMppN26OTBPAolZOvGX3HjQhG3/oE7/8ZJm4W2HrhwOOde7r3HTxgV0rK+jbX1jc2t7dJOeXdv/+DQPDruilhxTDo4ZjHv+0gQRiPSkVQy0k84QaHPSM+ftHK/NyVc0Dh6kLOEuCEaRTSgGEkteSZ0pognY1qtti6gqtXgLXRCJMd+kKrMS1uZZ1asujUHXCV2QSqgQNszv5xhjFVIIokZEmJgW4l0U8QlxYxkZUcJkiA8QSMy0DRCIRFuOv8kg+daGcIg5roiCefq74kUhULMQl935leKZS8X//MGSgbXbkqjREkS4cWiQDEoY5jHAoeUEyzZTBOEOdW3QjxGHGGpwyvrEOzll1dJ97JuN+o3941K0yriKIFTcAaqwAZXoAnuQBt0AAaP4Bm8gjfjyXgx3o2PReuaUcycgD8wPn8APOaYww==</latexit>

Figure 10: The complete reference graph for the problem, with the desired path
in red.

The first step is straightforward using Theorem 3.5. We have

pWA  uW (47)

= '(PW!u) (48)

= FWHFHRF�1
TR

FTMF�1
CM

uC (49)

= [RWH ,pWH ][RHR,pHR][R�1
TR

,�R�1
TR

pTR][RTM ,pTM ][R�1
CM

,�R�1
CM

pCM ]uC

(50)

=
h
RWHRHRR�1

TR
RTMR�1

CM
, (51)

�RWHRHRR�1
TR

RTMR�1
CM

pCM (52)

+ RWHRHRR�1
TR

pTM (53)

�RWHRHRR�1
TR

pTR (54)

+ RWHpHR (55)

+ pWH

i
uC (56)

⌘ FWCuC (57)

= RWCuC + pWC (58)

Similarly, we note vW = FWCvC .
Next, all that remains is to ensure the hologram’s rotation aligns with u! v.

This can be done by answering the question, “what is the rotation that aligns
[0, 0, 1]T with uW � vW ?” This question can be answered using Rodrigues’s
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formula and the vector-angle formulation of rotations, which we will state but
not explore in much detail. Briefly, Rodrigues’s formula Rot(w, ✓) takes the
vector w about which the rotation occurs and the angle ✓, and returns the
corresponding rotation matrix. Here, w must be perpendicular to both vectors,
which we can obtain with the cross product:

w =

2

4
0
0
1

3

5⇥ (uW � vW ) (59)

Note that Rodriguez’s formula does not take into account the magnitude of this
vector, only its direction.

The angle ✓ is given by

cos ✓ =

2

4
0
0
1

3

5 · uW � vW

||uW � vW || (60)

Thus

RWA  Rot(w, ✓) (61)

= I + (sin ✓) sk(ŵ) + (1� cos ✓) sk(ŵ)2 (62)

where sk(ŵ) is the skew matrix of ŵ.

5 Conclusion

In this tutorial, you learned how to take a description of a tracking system, such
as those used in surgical navigation, and extract desired information. As you
may have figured out, this is a pretty simple process once you have a consistent
notation and vocabulary for discussing transformations, although the algebra
can become tedious if done by hand. Fortunately software packages like tf2
in ROS or pytransform3d in Python/Numpy allow users to manage the frame
transform graph and request transforms between frames automatically.

The next step, which we will discuss in future tutorials, is understanding
how the potential error in each measurement, from the point itself to every
transformation in between, a↵ects the end result.
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